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Optimal Alternating Regret for Online Learning and Games*

Yixin Taof Weiqgiang Zheng?

Abstract

We settle the minimax-optimal alternating regret, a regret notion motivated by alternating
learning dynamics in games, for both online linear optimization (OLO) and online convex
optimization (OCO).

For OLO over the probability simplex A4, we give an algorithm with O(log d) alternating
regret that remains a constant for any time horizon 7, and a matching lower bound. Our
constant regret bound significantly improves previous results with O(logQ/ Sd.1Y 3) regret
[Cevher, Cutkosky, Kavis, Piliouras, Skoulakis, Viano, NeurIPS 2023, Hait, Li, Luo, Zhang,
COLT 2025]. As a result, we obtain alternating learning dynamics with O(logd/T') convergence
to Nash equilibria in two-player zero-sum games and O(logd/T') convergence to coarse correlated
equilibria in two-player general-sum games. This is the first uncoupled learning dynamics with
O(1/T) convergence to CCE in two-player general-sum games, while all prior works suffer
additional log T factors.

For general OCO over a d-dimensional compact convex set, we give an algorithm with
O(dlog(1 + T/d)) alternating regret, improving the previous best of O(d?/>T"/3). We also prove
a matching lower bound of Q(dlog(1 + T'/d)), showing that the Q(logT") factor is unavoidable.
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1 Introduction

We consider the standard online convex optimization (OCO) problem [Zinkevich, 2003, Hazan,
2016, Orabona, 2019]. In each iteration ¢ € [T, the learner first chooses an action x; € X
from a d-dimensional convex set X, then the adversary chooses a bounded convex loss function
ft + X = [—1,1] and the learner suffers loss f;(x;).

Regret and learning in games. The classic goal is to minimize the (external) regret defined as

T

T
Reg? := max {RegT(a:) = Z fe(xy) — Z ft(w)} : (standard regret)

If the loss functions {f;(z) = ¢/ «} are linear, the problem is known as the online linear optimization
(OLO) problem. If additionally the action set X = Ay is the probability simplex, the problem
reduces to the classic adversarial d-expert problem. The general OCO algorithm has regret O(+v/T),
which is tight by the lower bound of Q(v/T) even for the 2-expert problem.

Algorithms for OCO/OLO have applications for learning in large-scale games and computing
approximate equilibria. It is well-known that if players simultaneously employ OLO algorithms to
choose their strategies, then their time-averaged strategy converges to approximate Nash equilibria
(NE) in two-player zero-sum games; their empirical distribution of play converges to approximate
coarse correlated equilibria (CCE) in general-sum games [Foster and Vohra, 1997, Freund and
Schapire, 1999, Hart and Mas-Colell, 2000, Cesa-Bianchi and Lugosi, 2006]. The approximation
depends on the average regret of the algorithm. Thus an algorithm with v/7 regret in the adversarial
setting implies 1/ VT convergence rate in games. However, better convergence rate is possible in
the game setting where every player employs the same algorithm. For two-player zero-sum games,
the pioneering work of [Daskalakis, Deckelbaum, and Kim, 2011] show O(logT/T) convergence
rate to NE, while optimistic online learning algorithms achieve the optimal O(1/T") convergence
rate [Rakhlin and Sridharan, 2013], which can even be extended to last-iterate convergence [Cai
and Zheng, 2023]. For general-sum games, Syrgkanis, Agarwal, Luo, and Schapire [2015] show
the first fast convergence rate of O(1/T'/*), and a long line of work improve the convergence
rate to O(logT'/T) [Chen and Peng, 2020, Daskalakis, Deckelbaum, and Kim, 2011, Anagnostides,
Daskalakis, Farina, Fishelson, Golowich, and Sandholm, 2022a, Anagnostides, Farina, Kroer, Lee,
Luo, and Sandholm, 2022b, Farina, Anagnostides, Luo, Lee, Kroer, and Sandholm, 2022, Cai, Luo,
Wei, and Zheng, 2024, Soleymani, Piliouras, and Farina, 2025b,a], some of which even hold for the
stronger notion of correlated equilibrium and general convex games. A very recent work reports a
O(y/1og T/T) convergence rate [Tsuchiya, 2026]. However, a major problem for learning in games



remains open: can we achieve O(1/T') convergence in general-sum games? This problem was open
even for two-player games.

Alternating regret and learning dynamics. In this paper, we focus on alternation, a simple
trick for two-player games where the players take turns to update their strategies (see Section 1.1.2
for a formal definition). Compared to simultaneous learning, alternating learning dynamics have
strong empirical performance and are used for training superhuman AI models for poker [Tammelin,
2014, Bowling, Burch, Johanson, and Tammelin, 2015, Brown and Sandholm, 2018, 2019]. A
theoretical explanation of the power of alternation, however, remained elusive until recent work.
Wibisono, Tao, and Piliouras [2022] show that alternation with the classic Hedge algorithm [Freund
and Schapire, 1997] gives a fast O(1/T?/3) convergence rate in two-player zero-sum games. In their
analysis, they propose a new regret notion capturing the nature of alternation, later termed as
alternating regret by Cevher, Cutkosky, Kavis, Piliouras, Skoulakis, and Viano [2023]. In the most
general setting of OCO, the alternating regret is defined as follows:

T T
Regi, = meaX{RegAlt( ) =Y (fia(@e) + fila) =Y (fial +ft($))}-
t=1 t=1
(alternating regret)

So the alternating regret can be seen as the standard regret with respect to the loss function f;_1+ f;
in each iteration t (define fo = 0). In alternating regret, the learner knows f;_; when they choose
the strategy x;. This indicates that we may get o(\/T) alternating regret even in the adversarial
setting where standard regret suffers Q(v/7T) bound.

The work by Cevher, Cutkosky, Kavis, Piliouras, Skoulakis, and Viano [2023] show the first o(v/T)
alternating regret in the adversarial setting. They provide algorithms with O(log4/ 3(dT) - T1/3)
regret for OLO over the probability simplex X = Ay (i.e., the d-expert problem), and even O(logT')
when X is the ¢5 unit ball. Their results were improved by Hait, Li, Luo, and Zhang [2025], who
show that the classic Hedge algorithm already achieves an improved O(log2/ 3d.1Y 3) alternating
regret for the d-expert problem. Moreover, Hait, Li, Luo, and Zhang [2025] show that the continuous
Hedge algorithm [Narayanan and Rakhlin, 2010] achieves O(d?/3T"/3) alternating regret for the
general OCO problem over any convex set X'.

However, it is unknown whether 77/3 is a fundamental limit for alternating regret. In this paper,
we attack the main open question on alternating regret:

what is the minimaz-optimal alternating regret for OLO/0OCO?

As remarked by Hait, Li, Luo, and Zhang [2025], “This appears to be highly non-trivial even for
very special cases—for example, even for 1-dimensional OLO over [—1,1] where O(logT) regret is
achieved by Cevher et al. [2023], figuring out whether the optimal bound is O(logT') or ©(1) appears
to require new techniques.” !

1.1 Our results

In this paper, we settle the minimax-optimal alternating regret for OLO and OCO. We provide
algorithms with optimal alternating regret with matching lower bounds, and fast alternating learning
dynamics in two-player games.

!One can easily show that 1-dimensional OLO over [—1,1] reduces to OLO over A (the 2-expert problem).



1.1.1 Optimal alternating regret

Online linear optimization over the probability simplex. We propose an online algorithm
with O(log d) alternating regret for OLO over the probability simplex A,;. The algorithm is anytime
and does not need to know the time horizon 7. It is remarkable that the alternating regret does not
grow with 7.

Theorem 1 (Constant alternating regret). For any T > 1 and adaptive chosen linear loss sequence
ci,...,cr € [—1,1]%, the alternation-aware Hedge (AA-Hedge) algorithm (Algorithm 1) over Mg
guarantees that Regh,, < 8logd.

We also show that for any T' > d — 1, an adaptive adversary could force the alternating regret
to be at least Regh;, > 2logd — O(1) (Theorem 6). Thus the minimax-optimal alternating regret
for the d-expert problem is ©(logd).

The AA-Hedge algorithm (Algorithm 1) is a variant of the Hedge algorithm with non-trivial
modifications. It has been shown that the vanilla Hedge algorithm can not achieve o(Tl/ 3) alternating
regret [Hait, Li, Luo, and Zhang, 2025]. In round ¢, Algorithm 1 fully exploits the fact that the
known loss ¢;—1 is part of that round’s loss. The played strategy a; guarantees for any unknown c;,
the instant loss (¢;—1 + ct)th can be charged on a potential function without any additional terms.
A potential analysis similar to that of the Hedge algorithm then concludes the constant alternating
regret bound in general.

Online convex optimization. Motivated by the constant regret results for OLO over the simplex,
we then study the general setting of online convex optimization over d-dimensional compact convex
sets. We recall that the previous best is the O(d2/3T'/3) regret by Hait, Li, Luo, and Zhang [2025],
achieved by the continuous Hedge algorithm. In Section 3, we extend Algorithm 1 and our analysis
to the general online convex optimization setting with convex action set X, using ideas similar
to the continuous Hedge algorithm. The resulting continuous AA-Hedge (Algorithm 2) enjoys
O(dlog(1+ T/d)) alternating regret.

Theorem 2 (Informal, alternating regret upper bound for OCO). For online convex optimization
over any compact convex set X C R% with any bounded convex losses, the continuous AA-Hedge
(Algorithm 2) has O(dlog(1 + T/d)) alternating regret.

For the special case of OLO over a convex polytope with N vertices, the continuous AA-Hedge
algorithm enjoys a better alternating regret of 8log IV, which also recovers Theorem 1.

Somewhat surprisingly, we show that the Q(logT") dependence is necessary even when the set X
is the 2-dimensional unit ball (Theorem 9). Using this lower bound, we further establish a matching
lower bound for OCO over d-dimensional convex sets (Theorem 10).

Theorem 3 (Informal, alternating regret lower bound for OCO). There exists a compact convex
set X that lies in the d-dimensional unit lo ball such that for any OCO algorithm, there exists an
oblivious adversary such that the algorithm suffers Q(dlog(1+ T'/d)) alternating regret

Our upper and lower bounds together establish the minimax-optimal ©(dlog(1+7/d)) alternating
regret for OCO (Corollary 3).
1.1.2 Fast alternating learning dynamics in games

As an important application, our result implies in alternating learning dynamics with fast convergence
in two-player games. Consider a two-player convexr game with loss functions uj, ug : X x Y — [—1,1]



for the z-player and the y-player respectively. The loss u;(x,y) is convex in « for any y € ) and
the loss us(x,y) is convex in y for any © € X'. The game is zero-sum if u; = —ug and otherwise is
general-sum. An important subclass is normal-form games.

Example 1 (Normal-form games). In a two-player normal-form game, X and ) are probability
simplices and the loss functions are linear: ui(x,y) = x' Ay, us(x,y) = ' By. The game is
zero-sum if A = —B, otherwise it is general-sum.

We recall the definition of approximate Nash equilibrium and coarse correlated equilibrium.

Definition 1 (Nash equilibrium and coarse correlated equilibrium). A joint strategy profile (x,y) is
an e-Nash equilibrium (e-NE) if u; (z, y) < mingcx ui(2', y)+e and uz(x,y) < ming cx uz(x, y')+e.
A distribution o over joint strategy profiles X x Y is an e-coarse correlated equilibrium (e-CCE) if

E(w,y)Na[ul (ma y)} < mingex IE(m,y)wa [ul(x/7 y)]+6 and E(w7y)~0 [u2(wv y)] < miny’ey IE’(a:,y)ma [UQ(xa y/)]+
€.

In a simultaneous learning dynamics, for every iteration ¢ > 1, both players use an OLO/OCO
algorithm to choose their actions x; € X and y, € V simultaneously and then they observe their loss
functions wu; (-, y,) and ua(xy, ). The alternating learning dynamics is slightly different: in iteration
t, the x-player chooses x; first; then after seeing x;, the y-player chooses y,. More specifically, in
each round t > 1,

1. the z-player chooses x; based on uy(-,yq),. .., u1(-, Ys_1);
2. the y-player chooses y, based on us(xy,-),...,us(xi_1,"), us(®,);

Algorithms for OLO/OCO with o(T") alternating regret imply convergence to approximate equilibria
in two-player games, as observed by [Wibisono, Tao, and Piliouras, 2022, Cevher, Cutkosky, Kavis,
Piliouras, Skoulakis, and Viano, 2023] for NE in zero-sum games and by [Hait, Li, Luo, and Zhang,
2025] for CCE in general-sum games. Formally, we have

Theorem 4 (Theorem 1 and 2 in [Hait, Li, Luo, and Zhang, 2025]). Suppose that in the above
alternating learning dynamics, the x-player and the y-player use OCO algorithms with alternating
regret bound Regilt(x) and Regglt(y), respectively. Then

1. for a zero-sum game, the averaged strategy (l/TZtT:1 x, 1/T Zthl y,) is an e-NE with
e = O((Regjy,(x) + Regy,(y))/T);

2. for a general-sum game, the uniform distribution over {(xt,y,), (T1+1,Y) e is an e-CCE
with € = O(max{Regy, (), Rega, (¥)}/T)

As a corollary, our results imply alternating learning dynamics with fast convergence in games.
Notably, we give the first learning dynamics with O(1/T) convergence to CCE in two-player
general-sum normal-form games, while existing results suffer additional poly log T factors.

Corollary 1 (Fast convergence in two-player games). For two-player normal-form games where each
player has at most d actions, there is an alternating learning dynamics with O(logd/T') convergence
to NE in zero-sum games and O(logd/T) convergence to CCE in general-sum games.



1.2 Further related works

Alternation has been studied in two-player zero-sum games and the related min-max optimization
problem, mostly in the unconstrained setting where the strategy set is the whole Euclidean space.
There is a line of work on the convergence of alternating gradient-descent-ascent in the unconstrained
setting [Bailey, Gidel, and Piliouras, 2020, Zhang, Wang, Lessard, and Grosse, 2022, Lee, Cho, and
Yun, 2024, Feng, Fujii, Skoulakis, Wang, and Cevher, 2025, Shugart and Altschuler, 2025], the
simplex-constrained setting [Nan, Das Gupta, Iyengar, and Kroer, 2026], and manifold setting [Xu,
Jiang, Liu, and So, 2026]. The difference is that our work considers alternating regret in the more
challenging setting of adversarial online learning, which implies convergence in the game setting.

2 Constant alternating regret for OLO over the simplex

In this section, we focus on the important case of online linear optimization over the simplex, i.e.,
the adversarial expert problem and present an algorithm with constant alternating regret.

We first introduce some notations. The action set is the d-dimensional probability simplex
Ay = {w eR%: z; > 0 and Zle T; = 1}. We define ¢g = 0 to be the all-0 vector. In each

iteration ¢ > 1, the learner chooses x; € Ay based on the history {ci,...,c;—1}. After observing
x;, the adversary adaptively chooses ¢; € [—1,1]%. The learner then observes ¢; and suffers loss
(c—1 + Ct)T$t. In this case, the alternating regret can be written as

T

T
Regh} = Z(ct_l +¢) @ — ;IeliAnd Z(ct_l +¢)'x. (1)
t=1

t=1 —

Because the objective is linear, the comparator in (1) is one of the d pure actions.

2.1 The alternation-aware Hedge algorithm

We propose the alternation-aware Hedge algorithm, which introduce a bias toward the most recent
known loss vector ¢;_1 when choosing x;. The algorithm is in Algorithm 1, where we define Ly = 0
and L; = Zizl(cs—l + c;) as the effective cumulative loss for ¢ > 1. We first show that each step
in Algorithm 1 is well-defined and feasible: (1) 6; is unique; (2) the played strategy x; lies in the
simplex Ag.

Algorithm 1 alternation-aware Hedge
1: Set Ly = 0, n = 1/8, and B = 1/32.
2: fort=1,2,...do
3: Compute 6; = arg maxyp log 2?21 exp[—nLt_Li — B(ct—1, — 9)2]
Set p; such that p;; oc exp [—TILt—l,i — B(ct—1,i — Ht)Q]

1— ct—1,i—bt

4
5: Play x; such that x;; = ps; ( 5
6 Observe ¢; and update L; <+ Li_1 + ci—1 + ¢;.

Lemma 1. Assume 5 < 1/2. In Algorithm 1, 0, is unique and 0y = Zle Pt,iCt—1,4- Moreover,
x: € Ag.

Proof. Define F(0) = log Zle exp[—nLt_l,i — B(ct—1,i — 9)2} and p(f) € Ay such that p;(0)
exp [—ﬁLt—l,i — Bci—1,i — 9)2} . We can calculate both the first-order and the second-order derivative



of F(0):

F'(0) = 2B8(Ep(g)(ci-1) — 0)

F"(0) = 48 - Varpg)(c;-1) — 23
where we define the expectation Ey (ct 1) =>,; pi(0)ci—1,; and Var p(0) (ct 1)=> pz( J(ct—1,i —
Ep(g)(Ct_l))Z. Since ¢;—1,; € [—1,1], the variance term Varp(g)(ct_l) < 1. Since 8 < 2, we have
F’(0#) < 0 and F is thus strictly concave. Moreover, F(§) — —oc as |#] — +oo. Thus F has
a unique maximizer 6; and p, = p(6;). The first-order optimality condition F’'(6;) = 0 implies

0 = S0 prici—14 € [ming ¢i_14, max; ¢i_14)-
Both ¢;—1,; and 6; lie in [—1,1], so x¢; = pri(1 — (ct—1,, — 6¢)/2) > 0 for all ¢ € [d]. Moreover,

0; = Z?:l Pt,iCt—1,; implies 2?21 x; = 1. Hence z; € Ay. d

2.2 A potential proof of O(logd) alternating regret
We use a potential function argument to bound the alternating regret. Define the alternating regret

vector R; such that R;; = Z';:l(cs_l +cs)Tas — Zizl(cs—l,i + ¢5,;) for all i € [d].

Potential function. The potential function is

d d
OMEES max log <Z exp[nRi—1, — Blci—1,i — 9)2]> = log (Z exp[nRi—1,i — Blct—1,i — Gt)2]> :

i=1 i=1
(2)
The equality holds by definition of #; in Algorithm 1 and the fact that constant terms do not affect
the maximizer. Initially, ®; = logd.

Theorem 5 (Monotonicity of potential). Assume n < % and 8 =mn/4. For every round t > 1, we
have ®;11 < &, <logd.

Proof. Let us define §; = ¢;—1 — 6;1 and §,,1 = ¢; — 0;411. Applying Lemma 1 at rounds ¢ and
t+1 gives &, &, € [-2,2]¢, p/ & = 0, and the update gives z;; = p;;(1 — &./2). We have the
following identity:

Rii— Ri1,; = (cr—1 + Ct)TiBt —Ct—14 — Cti = (& + €t+1)TiBt —&i — &er1a
By definition of ®; and p;; < exp(nRi—1; — B(ct—1; — 0¢)?), we have

— log z 1 SXp ?7Rt i — Beti — 9t+1)2)
S exp (MRi—1i — B(ci—14 — 01)?)

Dyiq —

(meexp (Rt — Ri— 1z)+5(ftz §t2+1,z‘))>-

<Z Pt eXP( &+ &) @ — &i — &) + BE — £t2+1,i)>> :

We then use the following lemma to show that ®;411 < ®y.

Lemma 2. Assume n < % and B =n/4. Then for any t > 1, we have

d
log (Zpt,i exp (77((515 &) — & — Grg) + BE — §t2+1,¢))> <0.

=1



Proof. Let us define the function Hy : [-2,2]? — R as follows:

d
Hy(z) =log ) priexp (ﬁ((ft +2) @ — & —z) + B - Z?)) :

i=1
It suffices to show Hy(&;,1) < 0.
Define g(z) be the distribution obtained by normalizing the summands:

( Pt exp(n((ﬁt +z) @ — & - 2) +BEE, - Z?))
q- zZ) = .
’ S priexp (77((& +2)Ta — & — i) + B(EF, — Z?))

We can calculate the gradient VH(2z) = nx; + q(z) © (—n1 — 28z), where we use the point-wise
product notation (a ® b); = a;b;. We then calculate the Hessian

Vth(z) = Diag [qi(z) ((—7] — Qﬁzi)Q — 2ﬁ)]
.
—(a(2) © (=m = 282)) (q(2) © (=11 = 282)) *,
where we use notation Diag[a;] to denote the square d x d diagonal matrix whose i-th diagonal is a;
for i € [d]. For any z € [—2,2]¢, since 28 > max{(n —43)2, (n+43)?}, we have V2H,(2) is negative
semidefinite. Therefore H; is concave over [—2,2]%.

Let us analyze z = —&,. By definition, we have Hy(—&;) = 0 and q(—&:) = p;. Then the
gradient VH;(—§,;) satisfies

VH(—§&,) =nxe +p, © (—n + 26€,)
=npt © (1 —-&,/2) +p, © (—n +28§,)

=(28-1/2)pt © &,
= 0.

Thus —&, is the maximizer of H; over [—2,2]¢ since H; is concave. Then we have H;(&11) <
Hi(—&,) = 0. This completes the proof. O
O

By Lemma 2, we conclude that ®;,1 < &, for every t > 1.

Proof of Theorem 1. The choices n = 1/8 and § = 1/32 in Algorithm 1 satisfy the conditions in
Lemma 1 and Theorem 5. Fix any 7' > 1. By Theorem 5, we have &7, < ®; = logd. Fix any pure
action i € [d]. By setting # = c7; in (2), we have ®7,1 > nRr,;. Therefore Ry ; <logd/n = 8logd
for every i. Thus the alternating regret is at most 8logd for any 7' > 1. O

2.3 An Q(logd) lower bound

We construct an adaptive adversary such that any algorithm suffers Q(logd) alternating regret.
Together with Theorem 1, we show that the minimax-optimal alternating regret for OLO over the
simplex is ©(logd). In this lower bound construction, the adversary adaptively chooses the loss
function so that the alternating regret in each round ¢ € [d — 1] is at least 2/(d + 1 — ¢). This then
implies the (logd) bound.

Theorem 6 (Logarithmic dependence is necessary). For every d > 2, every horizon T > d — 1, and
every online algorithm, an adaptive adversary can choose linear costs in [—1,1]% such that

d

1
Regh), > 2 (Z — - 1) = 2logd — O(1).

m=1



Proof. Define Sy = [d]. In round 1 < t < d — 1, after observing x;, the adversary computes
Jt € argmaxcg, | ¥y, update Sy := ;1\ {ji}, and sets the loss ¢;

7]-5 1€ Sta
Cti = .
+]., 1 ¢ St.
The set S;_1 contains one action, denoted by i*. For t > d, the adversary always chooses ¢; = ¢g4_1.

At t =1, we have clel —c1x = 2215, > 2/d. For 2 <t < d—1, the effective cost g, == ¢c;—1+¢;
is

_2) (XS St)
gt,i = 07 1= jt7
12, id S

Thus the learner’s one-round alternating regret relative to i* is

2
gtT.’th—gm* = 2xt7jt +4 Z :L'm‘ Z 2(1 - Z xtz)/(d‘i_l _t +4 Z xtl el m
i¢St—1 i¢St—1 i¢S 1
where the first inequality is because z;; = maxjes, , ; > (1 — széstﬂ xt5)/|Se=1] = (1 —

> igs, , ¥ti)/(d+ 1 —1t). Therefore, we have

d—1 d—1 9 d 1
R i) > — =2 — —1] =2logd — O(1).
eg ;Qtfﬂ't gtix) = dr1_t <Zm ) og (1)

t=1 m=1

Moreover, since ¢; = ¢q—1 for all ¢ > d, we have Regl,;, > Regcfgtl > 2logd — O(1). O

3 Alternating regret for online convex optimization

In this section, we extend our result to the more general setting of online convex optimization.

Online convex optimization. We first introduce some notations. Let X C R? be a nonempty
compact convex set. We denote by Ay the set of Borel probability measures over X. For p, u € Ay,
we say that u dominates p if p is absolutely continuous with respect to p, i.e., p(A) = 0 for every
measurable set A such that pu(A) = 0. We write p < p if 4 dominates p.

At round ¢ > 1, the learner chooses x; € X using f1,..., fi—1, and then the adversary adaptively
chooses a continuous convex loss function f; : X — [—1,1]. The alternating regret to u € X is

T

T T
Regh, (u Z fie1(me) + fe(2e)) Z fi—1(w) + fi(u)) = Z(gt(fﬂt) — g¢(u)), (3)
t=1 t=1

t=1

where we define fy = 0 and the effective loss function ¢; := f;—1 + f: for t > 1. For a distribution
p € Ay, we write Regh},(p) := Eynp[Reghy (u)]. We also use the shorthand E,[f] := Egnp[f(2)].

3.1 The continuous alternation-aware Hedge algorithm

We propose the continuous alternation-aware Hedge algorithm (Algorithm 2), a continuous generaliza-
tion of Algorithm 1. Fix a reference distribution 1 € Ay, and define Ly = 0 and Ly(u) := ' _; gs(u).
The algorithm replaces the finite weight vector p, by a probability measure P, corrects it to a



probability measure @, and plays the barycenter of ;. When X = Ay, p is uniform over the pure
actions, and the losses are linear, the algorithm reduces to Algorithm 1.

As in Algorithm 1, we first show that the algorithm is well defined and feasible. The proof is
deferred to Section A.

Lemma 3. Assume § < 1/2. In Algorithm 2, 6, is unique and satisfies 0, = Ep,[fi—1]. Moreover,
Q¢ is a probability measure and x; € X .

Algorithm 2 Continuous alternation-aware Hedge (continuous AA-Hedge)

1: Given action set X and the reference distribution € Ay
2: Set fo=0,Ly=0,n7=1/8, and § =1/32.

3: fort=1,2,...do

4: Compute 0; as the unique maximizer of

log/ exp [—nLt,l(u) — B(fi—1(u) — 9)2] wu(du).
X
5: Set &(u) = fi—1(u) — 0y and form the probability measure
Pi(du) oc exp[—nLe1(u) — B&(w)?] p(du).
Set Qi(du) = (1 — &(u)/2) P(du).

7. Play the barycenter @; = [ u Q;(du).
: Observe f; and update Ly < Ly 1 + fi—1 + f+.

3.2 Alternating regret bounds

We first prove an upper bound on the distributional alternating regret Regglt (p) for any p < p.
The alternating regret is at most O(KL(p|/x)) where the KL divergence over measures is defined
as KL(pllp) :== [ v log S—Z dp. This is the continuous analogue of comparing with a pure action in
Theorem 1. The proof is similar to Theorem 1 and is deferred to Section A.

Theorem 7 (Distributional alternating-regret bound). For every horizon T > 1 and every p < u,
Algorithm 2 guarantees
Varp(f T)

Y] < SKL(pllu) + . (4)

Then we instantiate the results with p being the uniform probability measure over X2, to get
alternating regret bound max,ex Reghy, (u) = O(dlogT).

Reghy(p) < 8KL(plu) +

Theorem 8 (O(dlog(1+ T'/d)) alternating regret for OCO). For every horizon T > 1, Algorithm 2
with the uniform probability measure y € Ay guarantees

T 1
T
max Regyy(u) < 8d (1 +log . 2d) + T (5)

where log, z := max{0,log z}. Since maxyecx Reghy,(u) < 4T trivially, we have

ma%(Regilt(u) =0 (min {T, d <1 + log ;) }) = O(dlog(1+T/d))
uec

2This requires X C R? to be full-dimensional. If X is not full-dimensional, let z be the uniform probability measure
over its affine hull and define d as the dimension of its affine.

10



Proof. Fixu € X and 6 € (0,1). Let p, 5 be the uniform probability measure on the set (1—0)u+0X.
The affine map z — (1 — &)u + 0z scales d-dimensional volume by 6%, so KL(pysllp) = dlog(1/9).
For any v = (1 — §)u + 0z with z € X, the convexity of f; € [—1,1] gives

fi(v) < (1 =9)fi(u) +6fi(2) < fi(u) + 20.

Thus, we have E,, ;[fi] — fi(u) < 26 for any ¢ > 1.
Combining the above with Theorem 7, we have

T-1

Reghy(u) = Reghy (pus) + 2 (Bp, s [fi] = few)) + (Bp, 5[fr] — fr(w)).
t=1

1
< SKL(pu ) + & + 475
1
< 8dlog(1/6) + 1t AT6.

Choosing § = min{1, 2d/T"} proves the claim. O

Moreover, for OLO over a polytope X with N vertices, Algorithm 2 with y being the uniform
distribution over these vertices has alternating regret O(log V).

Corollary 2 (Constant alternating regret for polyhedral OLO). Let X = conv{vi,...,vn} be a
polytope. Consider linear losses fi(x) = (e, x), with fi(x) € [-1,1] for every x € X. Running
Algorithm 2 with p being the uniform distribution on {v1,...,vN} gives

max Regh . (u) < 8log N.
ucekX

In particular, for X = Ag and ¢; € [—1,1]¢, Algorithm 2 coincides with Algorithm 1 and recovers
the bound 8logd.

Proof. The cumulative comparator loss is linear, so it attains its minimum over the polytope at
one of its vertices. Applying Theorem 7 with p = d,, and note that KL(dy,[|) = log N and
Vars, (fr) = 0. Thus we have maxy,cy Reghy (u) = max;e[n] Reghy (v;) < 8log N. O

4 Matching lower bounds for OCO

In this section, we prove a alternating regret lower bound of Q(dlog(1l + T/d)) for OCO with
bounded convex losses over a d-dimensional convex set X C By(1) := {x € R? : ||z|2 < 1}. In
Section 4.1, we first prove a (log T") lower bound when the action set is the 2-dimensional unit ball
By(1) (Theorem 9). Then, in Section 4.2, we extend the 2-dimensional construction to d-dimensional
convex sets and prove the Q(dlog(1 + 7'/d)) lower bound.

4.1 An Q(logT) lower bound for OCO over 2-dimensional ball

In this section, we show that the logT dependence in Theorem 8 is unavoidable. The lower bound
already holds on the two-dimensional Euclidean unit ball By(1) := {x € R? : ||z|2 < 1}. Throughout
this section, let Regh), = MAaXye B, (1) Regh, (u).

11



Theorem 9 (Logarithmic lower bound for OCO). For every integer T' > 1 and every possibly
randomized online algorithm A, there is an sequence of continuous convez losses fi, ..., fr: Ba(1l) —

[0,1] such that

1
EA[Regglt] > 125 |log6T'] -

The expectation is only over the randomness of A.

Proof overview. We in fact prove a stronger lower bound:

T T
EalRegin) > Ea | > fulw) =2 min > fi(uw)| > QlogT).
t=1 2 =1

The first inequality holds since the losses are non-negative. The factor 2 in the cumulative loss of
the best fixed action is thus not essential. Our lower bound can be easily extended to the regret
notion where we compete with ¢ - mingep, (1) Zle fi(u) for any constant ¢ > 0.

The construction of the loss sequence proceeds in K = O(logT') blocks. Each block k € [K]
has a center uj on the boundary of B2(1) and an angular scale aj. Within block &, each round
randomizes between a common loss, which is minimized at uy, and a rare loss, which is largest at uy
but vanishes after a rotation by «j. Fixing a small constant v, we choose the rare-loss probability
O(a?) and the block length proportional to O(v/a2). This choice ensures that any algorithm incurs
expected loss at least v in every block (Lemma 4) and thus cumulative loss of at least Q(vK)
(Lemma 5).

After a block, we rotate the center by «ay if the block contains a rare loss, and otherwise leave it
unchanged. We maintain geometrically decreasing cy, = +/v/4*~1. We use the endpoint w1 after
all K rotations in these blocks as the hindsight comparator. We prove that wx; has 0 loss on
every realized rare, while incurring only O(1?) expected common loss per block (Lemma 6). Thus
the (expected) alternating regret of any algorithm is at least Q(vK — v2K) = Q(K) = Q(log T).

One-round loss pair. Fix a unit vector u € 9Bs(1) and an angle 0 < « < 1. Define

1—(u,x

) om L )
1 — cosa

Pa = 5/
3 —cosa

We refer to £, as the common loss and h,, o as the rare loss. We will randomly choose the common
loss £,, with probability 1 —p, and he, o with probability p,. We first present some useful properties
of these loss functions.

Lemma 4 (Properties of one-round loss pair). The common loss £, and the rare l0ss hqy o are
continuous and convex and take values in [0, 1]. Moreover, hyo(u) =1, and hqy o(v) = 0 whenever
(u,v) < cosa. For every x € Ba(1), we have

(1 - pa)ﬂu(az) +po¢hu,a(w) = Pa-

Finally, a?/9 < po < a?/4

12



Proof. The common loss £, is affine, and the rare loss hy, o is the maximum of two affine functions.
Both are therefore continuous and convex. Since (u,x) € [—1,1], both take values in [0,1]. By
definition, we can verify hq o(u) =1, and hy (v) = 0 whenever (u,v) < cosa.
It remains to prove the two inequalities. The definition of p, gives
1—pa Po 1

2  1—cosa 3—cosa

If (u,x) < cosa, then the rare loss is zero and the common-loss term is at least p,. Otherwise, the

two terms sum to
1—(u,xz) (u,x)—cosa

= Pa-
3 — cosa 3 — cosw

Finally, for 0 < o < 1, we have a?/3 <1 —cosa < a?/2 and 2 < 3 — cosa < 3, which proves the
bounds on p,. ]

Block construction. Fix a positive integer K and set v := 1072, Start from u; = (1,0) and, for
k=1,..., K, set

Vr v
Qg = A1 Pk = Poy,, Nk = JTk .
We construct the loss sequence as follows: for each block k with n; rounds

1. We independently choose the rare loss hq, o, with probability p; on each of the n; rounds,
and choose the common loss ¢, otherwise.

2. If no rare loss was sampled in block k, set uy41 < ui. Otherwise at least one rare loss was
sampled in block k, we update uj,1 by rotating uy counterclockwise through ay. That is, if
ug, = (cos(¢),sin(¢)), then update ugy1 < (cos(¢p + ax),sin(¢p + ay)).

Let Nig = Zle ng. We note that this is an oblivious randomized adversary. We use [E,.s for
expectation over the construction and [ 4 for expectation over both the construction and the
randomness of A.

Lemma 5 (Cost of the algorithm). For every online algorithm A,

Nk

EIOSS,A [Z ft (wt>] > K.

t=1

Proof. Consider a round in block k& and condition on the past and on the private randomness used
to choose x;. This fixes x; and uy, while the current common-or-rare choice remains independent.
By Lemma 4, the conditional expected loss is at least py. Summing over the blocks gives

Nk K
Eioss, 4 [Z ft(ﬂlt)] > anpk > Kv. O
=1

= k=1
Lemma 6 (Cost of the endpoint). The endpoint of the block construction u, := wx 41 satisfies

Ng

th(u*)] < 10K 12,

t=1

IE'loss
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Proof. Let I; indicate whether block j contains a rare loss. By the union bound and the definition
of nj,
Pr(l; =1)=1—-(1—-p;)" <njp; <v+p; <2y,

where the last inequality uses p; < a?/4 < v/4 by Lemma 4 and the definition o; = /v/4771.

Define counterclockwise angle from uy to u, as Ay := Z]K:k Ija;. By definition of oy, we have

> 4o
k
0<Ak<zkaj:3<w.
J:

If block k contains a rare loss, then Ay > ai. Thus (ug, u,) = cos Ag < cosay and the rare loss

2
hay, o (Ux) = 0is zero (Lemma 4). Each common loss in the block is at most £y, (u,) = % < %.

Since Ay < 4oy /3, we have

day, K 4oy 4oy,
—Eioss[Ak] = 3 2% Pr(I; =1) < N 2v - = < dvai.
j=k

40zk

IE:loss [A%] 3

Then by p; > a7/9 (Lemma 4) and o2 < v, the expected loss of u, in block k is at most
n v
1 Eioss [Cuy, (U )] < ZkEloss[Ai] < nprai < v <pk + 1) ap <v(9v+aj) < 1002

Summing over the blocks proves the claim. O

Proof of Theorem 9. We assume K := |log,s 7| > 1 since otherwise the claim is trivial. We use the
loss construction described above. Since az = V/16k*1, Lemma 4 gives ny < v/pp+1 < 91//05% +1<
9.16%! + 1. Consequently,

16K
NK_an )+K§16K§T.

We pad zero losses for rounds Ng <t <T.

For every realization of the loss construction and of the algorithm’s randomness, we evaluate
alternating regret at u,. Since all losses are nonnegative and each comparator loss appears at most
twice, we have

N Nx
Reghy, > > f(me) =2 fil(w).

t=1 t=1

Applying Lemmas 5 and 6 and using v = 1072 gives

K
IE:loss [E.A [Regglt | flv B 7fTH = IEloss,.A [Regglt] > Kv — 20KV2 - ﬁ

Thus some fixed realization of the loss sequence satisfies the desired bound. O

4.2 An Q(dlog(l1+T/d)) lower bound for OCO

Theorem 9 shows that the logT" factor in Theorem 8 is unavoidable even for 2-dimensional unit ball.
We now show that the linear dependence on d is also necessary in the worst case over a convex set
X C By(1) and prove the optimal lower bound of Q(dlog(1 4 T'/d)).

14



High-level idea: Roughly speaking, we construct the losses in phases, where in each phase we
simulate the lower bound construction in Theorem 9 on 2 coordinates. There are d/2 phases and
each phase contains m = ©(7'/d) rounds. By Theorem 9, the alternating regret in each phase is at
least 2(log(1 4 T'/d)). Thus the total alternating regret is at least (dlog(1 + 7'/d)).

Let r := 1/4/d. Define

X :=71Bs(1) x -+ x rBy(1) x[—r, 7] 722 C R

|d/2] times

where d — 2|d/2] € {0,1}. The set X is compact, convex, and full-dimensional. Moreover, every
x € X satisfies

|3 < [d/2]r* + (d - 2|d/2])r* = (d - [d/2])r* <1,
so X C By(1). For j € [|d/2]], let mj : X — By(1) be the projection onto the j-th two-dimensional
block, rescaled by 1/r. Thus 7; is linear and m;(X) = Ba(1). Throughout this subsection, let
Reglh), := max,cx Reghy ().

Theorem 10 (Linear dimension dependence is necessary). For every d > 2, every horizon T > 16,
and every possibly randomized online algorithm A, there is a sequence of continuous convex losses
fiyeoos fr: X = [0,1] such that

K d T T
Ea [Regflt] > % where m := mln{{ J LGJ} K = {logw {mH .

In particular Eg[Regk,] = Q(dlog(1 + T/d)).

Proof. Set T' := |T/m|. Since m < |T/16], we have T" > 16 and K = |log;s7"| > 1. Since
m < |d/2], we use the first mT” rounds as m consecutive phases of T" rounds, one for each of the
first m two-dimensional blocks.

We construct the losses in these phases successively. For j € [m], suppose the losses in the first
j —1 phases have been fixed. This fixed prefix induces a distribution over A’s internal state. Starting
from this state, simulate A for 7" more rounds: return its decisions projected by 7;, and feed each
two-dimensional loss back to A after lifting it through 7;. This defines a possibly randomized online
algorithm on Bs(1). Inspecting the proof of Theorem 9, a fixed sequence of continuous convex losses

fl(j), e Z_(FJ;) : B3(1) — [0, 1] can be chosen for this projected algorithm. Let u e Bs(1) minimize
S 77 (w). Then

K
E4 Zf 77] m(] 1T’+z _2Zf 21725-

=1

For t = (j — 1)T" + i, set f; := fi’ om;. After all m phases have been fixed, set f; = 0 for
mT’ <t <T. Each phase is fixed for the randomized algorithm induced by the preceding phases,
not for a realization of A’s random choices. Thus the resulting loss sequence is deterministic and
oblivious. Since 7; is linear, every f; is continuous, convex, and takes values in [0, 1].

()

Let u, € X have j-th two-dimensional block ru,”’ for j € [m] and all remaining coordinates

(G

equal to zero. Then 7;(u,.) = u*) for every j € [m]. Since the losses are nonnegative, we may
discard the terms f;_;(x;) from the learner’s loss, while every comparator loss appears at most
twice. Therefore,

T T
Regjy; > th(xt) - 2th(u*) = Z Zf T 1)1r4i)) — QZf 9 (u
=1 t=1

=1
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Taking expectation and summing the phase guarantees gives

mK
> —.
- 125

It remains to verify the asymptotic bound. If T > 8d, then m = |d/2| > d/3 and T =
|T/m| > T/(2m) > T/d. Since T" > 16, we have K = Q(log(1 +T")) = Q(log(1 + T'/d)). Hence
mK = Q(dlog(1+T/d)). If T' < 8d, then m = |T//16] > T/32 and K > 1. Since log(1 + z) < z,
we have mK > T/32 > dlog (1 + T)/d) /32. Thus we conclude E 4[Regh] = Q(dlog(1+T/d)). O

EA [Regglt]

Combining Theorem 10 with Theorem 8 pins down the worst-case alternating regret over
d-dimensional bodies in every regime of T" and d.

-----

where the outer supremum is over compact convex X C R% and the losses are convex with values in
[—1,1]. Then, for alld > 2 and T > 16,

R*(d, T) = @(dlog (1 + 5)) .

5 Conclusion

In this paper, we settle the minimax-optimal alternating regret for both OLO and OCO. For OLO
over the simplex Ay, we give the alternation-aware Hedge (AA-Hedge) algorithm with optimal
O(log d) regret. For OCO, we give the continuous AA-Hedge algorithm with O(dlog(1l + T'/d))
regret and proves a Q(dlog(1 + 7'/d)) lower bound. Our results imply the first alternating learning
dynamics with O(1/T) convergence to CCE in two-player general-sum games.
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A Proofs for Online Convex Optimization

The proof follows the same strategy as in Section 2: we first show that the update is well defined
and feasible, and then use a one-step inequality to prove that a potential function is nonincreasing.

A.1 Existence and feasibility of the update
Proof of Lemma 3. Define

F(6) = log /X exp[—nLi1(w) = B(fi1(w) — 0)%] u( duw),

and let P,y be the probability measure obtained by normalizing the integrand. F} is differentiable
since it is logarithm of a bounded integrand over a compact set. We calculate its first-order and
second-order derivative:

Ft/(e) = 218 (Ept,e [ftfl] - 9) )
F{'(0) = 48% Varp, ,(fi—1) — 2.
Since f;_1 € [~1,1], the variance is at most 1. Since 3 < 1/2, we have F/'() < 4p8% — 28 <0, so F;

is strictly concave. Moreover, F;() — —oco as |0] — oo, so the maximizer exists and is unique. The
first-order condition gives

0; =Ep[fi-1] €| min fi1(u), max f;_1(u)
u€supp(u) uesupp(u)

Thus Ep,[§] = 0 and &(u) € [—2,2] on supp(F;). It follows that 1 — & (u)/2 > 0 and

Qt(X) =1- %Ept[ft] =1.

Hence Q; is a probability measure. Since X is compact and convex, the barycenter of Q;, x;, lies in
X. O

A.2 A potential proof of logarithmic alternating regret

Define the learner’s cumulative effective loss through round ¢t — 1 by A; 1 := 22;11 gs(xs), and

define its pointwise regret by R;—1(u) := A;—1 — Ly—1(w). Consider the potential

@, := maxlog /X exp(nRe1(w) — B(f1(w) — 0)%) u( ). (6)

The factor e"4+-1 is common to all comparator points, so the maximizing centering parameter and
normalized distribution in (6) are exactly #; and P; in Algorithm 2. Initially, ®; = 0.

Theorem 11 (Monotonicity of potential). Assume n < 1/8 and 8 =n/4. For every round t > 1,
we have &1 < & < 0.

Proof. Define & (u) := fi—1(u) — 6; and &41(u) = fi(u) — 60:41. By Lemma 3, both functions take
values in [-2,2], Ep,[§] =0, Q; = (1 — &/2) P, and =, = Eq, [u].

Since g; = fi—1 + f¢ is convex, Jensen’s inequality gives g.(x:) < Eq,[g:]. The two scalar centers
cancel, so for every u € X,

Ri(u) — Ri—1(u) < Eg,[& + &41] — & (u) — §1(u).
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By the definition of the potential and the fact that P; is its normalized exponential-weight distribution,
we have

Dyy1 — By = logEp, exp{n(Ry — Ri—1) + B(& — &)}
<logEp, exp{n(Eq,[& + &rr1] — & — &) + BE — 1)}

We use the following continuous counterpart of Lemma 2.

Lemma 7 (Functional one-step inequality). Let P be a probability measure on an arbitrary measur-
able space. Let &, ¢ be measurable functions with values in [—2,2] such that Ep[¢] = 0, and define

Q(du) :=(1—=¢&(uw)/2)P(du). If n < 1/8 and B =n/4, then
log Ep exp{n(Eq[¢ +¢] — € —¢) + B(¢* = ¢*)} <0.

Proof. For any measurable function z with values in [—2, 2], define

H(z) :=logEpexp{n(Eql¢ + 2] — & —2) + B(E? — 2%)}.

It suffices to show that H({) < 0. Let II, be the probability measure obtained by normalizing
the exponential in the definition of H(z). To show that H is concave, fix functions z,w such
that z; := z + sw remains in [—2, 2], and write vs := —n — 20z5. H(z,) is differentiable since it
is logarithm of a bounded integrand over a compact set. We note that Eg[¢ + z;] is affine and
contributes noting to the second-order derivative.

2
%H(zs) = B, [(v2 - 28)w?] — (En, [vsw])?.

Since zs € [~2,2], B = /4, and n < 1/8, we have vs € [-27,0] and v? < 4n? < 2. Thus H is
concave.

At z = ¢, every exponent vanishes, so H(—¢) = 0 and II_¢ = P. For every bounded direction
w, the directional derivative is

DH(=§)w] = nEq[w] + Ep[(=n + 25¢)w]
= (26 —n/2)Ep[fw] = 0,

where the second equality uses @ = (1 — £/2)P and the last uses § = n/4. Taking w = ¢ + &, the
path —¢ + sw remains in [—2, 2] for s € [0,1]. Concavity therefore gives H({) < H(—¢)=0. O

Applying Lemma 7 with P = P, £ =&, and { = §41 gives ®;11 < ®;. Since ¢ = 0, the claim
follows. m

A.3 Proof of Theorem 7

Proof of Theorem 7. The choices n = 1/8 and = 1/32 in Algorithm 2 satisfy the conditions in
Theorem 11. Thus ®7,1 < &1 = 0. By the definition of the potential, for every 6 € R,

log | exp(nfr(w) = B(/r(w) — 0)°) n(du) < 0.

By (3), Rr(u) = Regjy,(u).
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If KL(p||p) = oo, the claim is immediate. Otherwise, write r := dp/dp. Since r > 0 p-almost
surely, for every 6 € R,

/X exp(nRr — B(fr — 60)%) du
> / exp(nRT - B(fr — 9)2) du
{zeX:r>0}
= /Xexp(nRT - B(fr — 6)% — log r) dp.

Here the inequality discards the possible p-mass on {x € X' : r = 0}, and the equality uses dp = r dpu.
Taking logarithms and applying Jensen’s inequality to the probability measure p gives

0> log/X exp(nRy — B(fr — 0)*) dp

>log | exp(ofr = 3(r — 0)° ~logr) dp

> E,[nRy — B(fr — 0)* —logr]
= nReghy,(p) — BE,[(fr — 6)*] — KL(pl|).

Choose 0 = E,[fr]. Since 1/n = 8 and /n = 1/4, rearranging proves the first inequality in (4).
The second follows from Var,(fr) < 1. O
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